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The interaction between free-stream disturbances and the boundary layer on a body with a rounded leading edge is considered in this paper. A method which incorporates calculations using the parabolized stability equation in the Orr-Sommerfeld region, along with an upstream boundary condition derived from asymptotic theory in the vicinity of the leading edge, is generalized to bodies with an inviscid slip velocity which tends to a constant far downstream. We present results for the position of the lower branch neutral stability point and the magnitude of the unstable TollmienSchlichting (T-S) mode at this point for both a parabolic body and the Rankine body. For the Rankine body, which has an adverse pressure gradient along its surface far from the nose, we find a double maximum in the T-S wave amplitude for sufficiently large Reynolds numbers.
Introduction
When a body is placed in a mean flow with a small-amplitude unsteady perturbation, the position of boundary layer transition depends on the stability characteristics of the body and the interactions of the unsteady disturbance with the boundary layer, a process known as receptivity (Morkovin 1985) . For two-dimensional large Reynolds number flows, the transfer of energy from the free-stream disturbance to the instability wave occurs due to non-parallel mean flow effects. These effects occur at the leading edge of the body (Goldstein 1983) or further downstream where the mean flow varies rapidly in the streamwise direction, such as at surface roughness elements (Goldstein 1985; Kerschen, Choudhari & Heinrich 1990) , regions of marginal stability (Goldstein, Leib & Cowley 1992) or changes in surface roughness (Goldstein & Hultgren 1989 ). Once energy has been transferred to this instability wave, the disturbance typically decays in amplitude downstream until the lower branch neutral stability point is reached, beyond which the disturbance grows until nonlinear effects become important and transition occurs. The work by Saric, Reed & Kerschen (2002) reviews the asymptotic, numerical and experimental approaches to receptivity and transition.
In this paper we formulate a general theory for calculating the position of the lower branch neutral stability point and the amplitude of the instability wave at this point for bodies where the slip velocity tends to a constant far downstream. Using this theory we make a comparison of the results for a parabolic body, which has a positive pressure gradient along its surface, and a Rankine body, which has a negative pressure gradient along the majority of its surface. The qualitative behaviour of these two bodies along with the flat plate considered in Turner & Hammerton (2006) covers bodies with a positive, a negative and a zero-pressure gradient on its surface.
For small-amplitude unsteady disturbances to a semi-infinite flat plate, Goldstein (1983) calculates the asymptotic structure along the plate for large Reynolds numbers. This asymptotic structure consists of a region close to the leading edge where the flow is governed by the unsteady boundary layer equation. The far downstream asymptotic form of the solution in this region consists of a Stokes layer and a sum of asymptotic eigenmodes (Lam & Rott 1960 , 1993 which, through a multiplicative receptivity coefficient, links the amplitude of these eigenmodes to the free-stream disturbance. As we move downstream of the leading edge, the linearized unsteady boundary layer equation (LUBLE) breaks down but it can be asymptotically matched to the large-Reynolds-number, small wavenumber form of the classical Orr-Sommerfeld equation. It is also shown that the first of the Lam-Rott eigenmodes matches to the unstable Tollmien-Schlichting (T-S) mode of the Orr-Sommerfeld equation. In this Orr-Sommerfeld region for the semi-infinite flat plate there exists asymptotic solutions to the two-dimensional Navier-Stokes equations which represent two-dimensional T-S eigenmodes at the lower orders of approximation and eventually account for the weak non-parallel flow effects at the higher orders (Smith 1979 ). This will yield expressions for both the growth rate and the mode shape of these eigenmodes. However, this asymptotic expansion becomes non-uniform downstream when the work of Goldstein (1982) is considered, and so cannot be used to calculate the amplitude of the unstable T-S mode at the lower branch neutral stability point (Turner 2007) . This nonuniformity is not apparent in the work of Smith (1979) , and is an ongoing topic of study.
Numerous numerical studies have calculated growth rates of the T-S modes in the Orr-Sommerfeld region on a semi-infinite flat plate. The simplest methods use just the Orr-Sommerfeld equation, but this approach neglects the streamwise growth of the boundary layer. The non-parallel effects can be incorporated into this equation by considering an asymptotic expansion in powers of Re −1/2 , where Re is the Reynolds number (Gaster 1974; Saric & Nayfeh 1975 Goldstein (1983) . Similarly, the O(Re −1/2 ) equation contains many asymptotic sub-terms too. The study of Bertolotti, Herbert & Spalart (1992) uses this nonrigorous asymptotic method to incorporate the non-parallel effects into a single partial differential equation known as the parabolized stability equation (PSE). In the last 15 years, the PSE formulation has been used extensively with extensions to take account of hypersonic flows, nonlinearity and chemical reactions within the boundary layer flow (see for example Langlois, Casalis & Arnal 1998; Chang 2003) . One advantage of incorporating the non-parallel effects into one equation is that this method replaces the algebra of eliminating singular terms with numerical computations (Saric & Nayfeh 1975) . The PSE is marched downstream from some initial condition and is computationally faster than direct numerical simulations (DNS). Previous studies using the PSE (Bertolotti et al. 1992; Andersson, Henningson & Hanifi 1998) have initiated the code using an upstream boundary condition from Orr-Sommerfeld theory or using a local solution to the PSE, without taking complete account of the interaction of the free-stream disturbance with the boundary layer (the receptivity
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Figure 1. Illustration of the boundary layer structure for a general body with dimensional nose radius r n at zero angle of attack to the mean flow. The three-deck asymptotic structure in the Orr-Sommerfeld region consists of: 1, the viscous wall layer; 2, the main inviscid layer; 3, the outer irrotational layer.
problem). Hence, these methods only give the amplitude of the unstable T-S mode up to an unknown multiplicative constant. Turner & Hammerton (2006) fix the value of this unknown constant by producing a method which combines the PSE in the OrrSommerfeld region with an upstream boundary condition of the Lam-Rott eigenmode from the leading edge receptivity analysis. This method allows the amplitude of the unstable T-S mode to be calculated at the lower branch neutral stability point, and allows comparison with other numerical studies (Haddad & Corke 1998) . This paper extends this method to incorporate bodies with non-zero nose curvature. For bodies with a rounded leading edge, the same asymptotic structure as for the flat plate holds along the surface of the body, as shown in figure 1. The LUBLE region is valid when the streamwise variable Hammerton & Kerschen (1996) , who also calculate the free-stream-dependent receptivity coefficient as a function of the nose radius. This analysis has been generalized further by Nichols (2001) to bodies which have an inviscid free-stream velocity which tends to unity far downstream. Nichols also calculates the receptivity coefficient for the Rankine body as a function of the nose radius.
Numerical investigations of finite thickness bodies have been carried out mainly via DNS methods (Reed 1994 ). Fuciarelli, Reed & Lyttle (1998) discuss such DNS results for a flat plate with an elliptical leading edge, while the alternative approach of Corke and co-workers linearizes about the basic flow, which then decouples the steady and unsteady flow fields that can then be solved separately. Haddad & Corke (1998) consider parabolic bodies at a zero angle of attack to the mean flow, while Erturk & Corke (2001) and Haddad, Erturk & Corke (2005) extend this to consider parabolic bodies at a non-zero angle of attack. Wanderley & Corke (2001) consider bodies with an elliptical leading edge in order to compare with the results of Fuciarelli et al. (1998) and the experiments of Saric & White (1998) . A purely asymptotic theory for these cases is not currently available due to the algebraic complexity of the analysis, and so the numerical and experimental investigations described above cannot be compared to asymptotic theory. However, the numerical/asymptotic theory for general bodies presented in this paper will allow for direct comparisons in future studies.
The structure of this paper is as follows. Section 2 formulates the PSE for bodies with non-zero curvature, and also reviews the work of Nichols (2001) to give the general form of the leading edge asymptotic eigenmodes, which can then be used as the upstream boundary condition for the PSE. Positions of neutral stability and the amplitude of the unstable T-S modes at these points are presented in § 3 for both the parabolic body and the Rankine body. Some comments and concluding remarks are given in § 4.
Formulation
2.1. Formulation of the parabolized stability equation In this section, we derive the parabolized stability equation (PSE) valid within the boundary layer on a two-dimensional body with a rounded leading edge. We use the coordinate system (x * , y * ) where the dimensional coordinates x * and y * are measured along the body and normal to the body, respectively. Introducing dimensionless quantities based on the velocity scale U ∞ and the fixed length scale δ 0 = (νx * 0 /U ∞ ) 1/2 , the vorticity equation can be written in terms of the stream function Ψ as
where
Here ν is the kinematic viscosity, x * 0 is the dimensional distance along the body at which the PSE analysis is started and R 0 is the Reynolds number based upon the length scale δ 0 . The Reynolds number R 0 is assumed to be large so that the flow field is inviscid and irrotational everywhere, except in the vicinity of the surface of the body. The corresponding non-dimensional position that we start our analysis is
The stream function is split into a steady base-flow part Ψ B (x, y) and a timedependent disturbance part ψ(x, y, t) Ψ B (x, y), and we assume that at the edge of the boundary layer, the mean flow has a slip velocity U f (x) parallel to the surface of the body. The equation for the disturbance quantity ψ is obtained by substituting Ψ = Ψ B + ψ into (2.1) and subtracting off the equation satisfied by the mean flow (Bertolotti et al. 1992) . The resulting equation for ψ holds at leading order for the disturbance as long as the curvature of the body is assumed to be small away from the vicinity of the leading edge (Rosenhead 1963; Turner 2005) . To make a comparison with the analysis in the leading edge region, formulated in § 2.2, we change our coordinate system to
which remain in the streamwise and normal directions to the body, respectively (Nichols 2001; Turner 2005) . We seek a solution for the disturbance stream function ψ (ξ, N, t) in the form of a spatially evolving two-dimensional wave with constant frequency ω, local streamwise wavenumber α(ξ ) and a complex mode shape φ(ξ, N) of the form
The amplitude of the disturbance is assumed to be sufficiently small (|ψ| 1) so that the nonlinear terms can be neglected. This condition suffices for the calculations in this study because we are interested only in calculating the amplitude of the unstable T-S mode up to the lower branch neutral stability point, and nonlinear effects only become significant downstream of this point if the initial disturbance amplitude is above some threshold. It is possible to calculate amplitudes up to the upper branch neutral stability point, but the nonlinear form of the PSE, which is discussed in Bertolotti et al. (1992) , should also be considered. The main assumption in the formulation of the PSE is that the streamwise variation of α and φ is sufficiently small (Bertolotti et al. 1992; Turner & Hammerton 2006) 0 ) in our analysis. This assumption has been seen to hold in numerical computations (Morkovin 1985) , and we have checked that these conditions hold for the values of R 0 considered in this paper.
Using these assumptions and retaining terms of O(R −1 0 ) leads to the derivation of the linear PSE, which in operator form is
where 
In (2.4) there is ambiguity in the choice of functions α(ξ ) and φ(ξ, N).
To resolve this we introduce a normalization condition on φ which restricts the rapid variation in the ξ direction. We define this normalization condition as
where † denotes the complex conjugate. This normalization condition is equivalent to
which shows that the majority of the streamwise variation with ξ is now in the wavenumber α(ξ ). This normalization condition minimizes the streamwise change ∂φ/∂ξ in a weighted sense over the N domain, which also keeps ∂φ/∂ξ small in accordance with our initial assumption. Other normalization conditions could be implemented (Herbert 1993; Andersson et al. 1998) ; however, we find this one to be most desirable because it gives results which are in excellent agreement with those for a boundary layer on a flat plate (Turner & Hammerton 2006) . Although the formulation does not prove that a solution satisfying (2.11) exists, the agreement of the PSE results with those of Goldstein (1983) for a flat plate justifies this choice (Turner 2005; Turner & Hammerton 2006) . Equations (2.5) and (2.11) are solved numerically via a spectral collocation technique using Chebyshev polynomials. This method is equivalent to that described in Turner & Hammerton (2006) and Bertolotti et al. (1992) , and so the reader is directed to these for more details.
In this study, we are interested only in the propagation of the eigenmodes from the leading edge region through the Orr-Sommerfeld region, and hence we solve (2.5) with homogeneous boundary conditions and an upstream boundary condition stipulated by 12) where ξ 0 is the dimensionless starting position for the analysis along the surface of the body. These conditions depend upon the form of the boundary layer at ξ 0 and the interaction of the free-stream disturbance with the boundary layer upstream of this point.
2.2.
Leading edge receptivity analysis Near to the leading edge of the body, the PSE is no longer valid because the boundary layer grows rapidly in this region and the assumption that α ξξ , φ ξξ and α ξ φ ξ are small breaks down. In this region we have a different balance of terms at leading order as opposed to § 2.1. The solution for the mode shape in this region has a three-deck structure: the bottom deck is a Stokes layer solution where viscosity is important; the solution in this deck satisfies the no-slip condition at the wall. An outer inviscid region occurs outside the boundary layer and the solution here tends to zero for large N. Between these two layers is the main inviscid layer within the boundary layer where the solution must match to the other two solutions in the appropriate limits.
In the leading edge receptivity region the slip velocity at the edge of the boundary layer U s is assumed to have a steady part and a linear perturbation due to the harmonic external disturbance,
(2.13)
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Hereˆ 1, x R is the streamwise coordinate non-dimensionalized by the acoustic length scale U ∞ /ω * and ω * is the dimensional frequency of the small-amplitude perturbation. We define Re = −6 = U 2 ∞ /(νω * ) to be the Reynolds number based on this acoustic length scale, which is assumed to be large, so the parameter is small.
We seek a solution to the non-dimensional form of (2.1), derived in the receptivity variables (x R , y R ), of
(2.14)
The subscript R denotes that we are in the receptivity region of the body. Neglecting higher order terms in inverse powers of Re and equating powers ofˆ we find that the steady equation for φ 1 (ξ R , N R ) is 
where Ω(ξ R ) = 2ξ R /U 2 f and the boundary conditions are φ 2 = φ 2N R = 0 on N R = 0 and
The function h(ξ R ) is determined by the unsteady forcing of the boundary layer by the free-stream disturbance. Equation (2.16) is known as the linearized unsteady boundary layer equation (LUBLE).
We assume that far downstream (x R −→ ∞), the steady form of the slip velocity U f (x R ) acts parallel and symmetric to the surface of the body. Thus, the asymptotic form of U f (x R ) in this limit is 17) or using (2.14)
where γ 1 and γ 2 are real constants. In this limit the steady solution for φ 1 (ξ R , N R ) can be determined as 
with E = E = E = 0 at N R = 0. The correction terms to (2.19) correspond to noninteger eigenvalues of (2.15) (Libby & Fox 1963) .
In the limit of large ξ R the solution for φ 2 consists of a Stokes solution, which depends on the form of the unsteady disturbance U d (ξ R ), and a sum of asymptotic eigenmodes which satisfy (2.16) with h(ξ R ) = 0 and with homogeneous boundary conditions (Lam & Rott 1960 , 1993 Brown & Stewartson 1973 ). The precise relationship between these two sets of eigenmodes is unclear (Hammerton 1999) ; however, the Lam-Rott eigenmodes are important in receptivity as they exhibit the wavelength shortening needed to convert the long-wavelength free-stream disturbances to short-wavelength disturbances in the boundary layer. Nichols (2001) calculates the form of these Lam-Rott eigenmodes for a general body with an asymptotic steady-slip velocity as in (2.17). The j th eigenmode takes the form 20) where C j is an arbitrary constant dependent on the curvature of the body known as the receptivity coefficient. The constants τ j are expressed in terms of ρ j and γ 1 , where ρ j is the j th root of the equation Ai (−ρ j ) = 0 and Ai is the derivative of the Airy function of the first kind. The function T j (ξ R ) is given by
where U 0 = f (0) = 0.4696. In this study, we are interested only in the propagation of the first of these eigenmodes as it is this mode which matches onto the spatially growing T-S mode in the Orr-Sommerfeld region (Goldstein 1983) ; hence ρ 1 = 1.0188 and τ 1 = −0.6921−7.9508γ 1 i (Nichols 2001; Turner 2005) . The function g 0 (ξ R , N R ) can be represented in the leading edge region as a composite of the three-deck solutions (Turner 2005; Turner & Hammerton 2006 ) and can be written as
Equation (2.20) with g 0 (ξ R , N R ) given by (2.21) is now used as the initial condition for the PSE calculations where the PSE and the receptivity variables are related to Analysis of the unstable T-S mode on bodies with a rounded leading edge 175 one another by
Hence, we start our analysis for the PSE calculation at the scaled streamwise receptivity variableξ 1 =ξ
1 where
, ω = R 0 Re , and = Re −1/6 . The variableξ 1 = 2 2 ξ R /U 2 0 is introduced to make comparisons with the works of Goldstein (1983) and Turner & Hammerton (2006) easier. Thus, from (2.12) and (2.20) the initial wavenumber is given by 22) and the form of the base flow is given by
Alternative forms for the initial condition to the PSE include using the most unstable eigenmode of the Orr-Sommerfeld equation or the local PSE at ξ = ξ 0 . However, the advantage of the receptivity condition is that it contains all the information required to give the amplitude of the unstable T-S mode as it enters the Orr-Sommerfeld region, and hence we have the complete T-S mode amplitude at the lower branch point. This is discussed in more detail in Turner & Hammerton (2006) for the case of a flat plate.
Results
In this section we present results giving the position of the lower branch neutral stability point and the amplitude of the unstable T-S mode at this point for bodies with a slip velocity which has the form given in (2.17). It is noted from (2.20) that to have the complete amplitude of the unstable T-S mode as it enters the OrrSommerfeld region, we need to know the value of the receptivity coefficient |C 1 | which varies as a function of the nose curvature of the body. Hence in this section we present results for bodies for which the value of |C 1 | has been calculated. Therefore, we consider a parabolic body (Hammerton & Kerschen 1996) and the Rankine body (Nichols 2001) . In the remainder of this section, we use the superscripts P and R to represent the parabola and the Rankine body, respectively.
The calculation of the position of the neutral stability point can be made easier by placing all the wave amplitude information into one single growth-rate function. This is achieved by splitting the amplitude function in (2.4) in the following way:
where the maximum value ofφ is 1. Thus, the stream function is given by
where all the wave amplitude information is now contained in the growth rate G(ξ ), which, when written as a function of the receptivity variable ξ R , has the form
The lower branch neutral stability point can now be defined as the position where Im(G) = 0. Although G(ξ R ) is defined as a function of the streamwise variable ξ R , we usually display our results in terms of the scaled receptivity variableξ 1 = 2 2 ξ R /U 2 0 as this makes comparisons with the flat-plate analysis of Goldstein (1983) and Turner & Hammerton (2006) easier. In this study, we are interested in calculating the amplitude of the unstable T-S mode ψ 1 , from (2.20), which is achieved by integrating the growth rate G(ξ R ) from a position within the matching region between the leading edge and the Orr-Sommerfeld regions, ξ This region has been shown to exist for a flat plate by Turner & Hammerton (2006) . Thus, the amplitude of ψ 1 at the branch I neutral stability point can be written as
Throughout this study, we shall refer to |ψ An important factor needed in order to use this PSE method is the existence of a matching region between the leading edge asymptotic result and the result in the Orr-Sommerfeld region. This was shown to exist for a flat plate in Turner & Hammerton (2006) for sufficiently small and figure 2 shows that the same is true for the parabola where S = r n ω * /U ∞ is the Strouhal number and corresponds to the dimensionless nose radius of the parabola. The figure shows Re(G(ξ 1 )) for two nose radii and for (a) = 0.05 and (b) = 0.1. The leading edge solution is given by (3.1) with α replaced by (2.22) and the local PSE result is a solution of (2.5) aboutξ 1 for eachξ 1 . For more details on the local PSE solution, see Bertolotti et al. (1992) and Turner & Hammerton (2006) . The local PSE is an indication of how close to the nose of the body the PSE solution can be before the PSE code fails converge to the correct growth rate because of initial transients in the solution (Turner & Hammerton 2006) . Figure 2(a) shows that a clear matching region exists, and thus for small values of = Re −1/6 the PSE can be started back in the matching region near ξ LE R , and so the growth rate is defined over the whole domain of integration. However, for larger values of , the PSE code cannot be initiated back in the matching region as can be seen in figure 2(b) . We overcome this problem by patching the growth rate back to ξ LE R using the same method as in Turner & Hammerton (2006) . This method involves fixing the value of the growth rate and its derivative using both the leading edge solution and the PSE solution, and then patching the region in between by a cubic polynomial with complex coefficients. For more information on this patching method and its validity, see Turner & Hammerton (2006) . Care was taken to ensure that the wave amplitude downstream was independent of the step size chosen and also not sensitive to the choice of streamwise position at which the PSE solution was patched to the receptivity analysis.
The parabolic body is described in terms of the Strouhal number, while the Rankine body is described in terms of the dimensionless parameter A = 2r n ω * /3U ∞ , which is linked to the dimensionless nose radius 3A/2 (Turner 2005) . Thus, the two bodies have the same nose radius if S = 3A/2. The inviscid flow around the parabolic body is calculated using slender body theory (Hammerton & Kerschen 1996) , while the inviscid flow around the Rankine body is determined by complex potential theory (Nichols 2001) . The forms of the slip velocity U f at the edge of the boundary layer for these bodies are
where y c is the Cartesian y-coordinate. The large ξ R form of each slip velocity can be calculated as Thus, comparing these expressions with (2.18) we see that γ
The respective values of the constant D in (2.19) can thus be calculated as
for the parabolic and Rankine bodies, respectively. From (3.3) and (3.4), the mean pressure gradient β(x R ) can be calculated, and figure 3 plots both (a) U f (x R ) and (b) β(x R ) for the parabolic and Rankine bodies with the same nose radius (A = 0.1, S = 0.15). These quantities are plotted as functions of x R because this variable is independent of the curvature of the body, whereas ξ R is a function of A and S (see (2.14)). The parabolic body has a slip velocity which is always less than 1 and this gives a favourable (or positive) pressure gradient along the surface of the body. The Rankine body has a slip velocity which rises above 1 before asymptoting to 1 as x R −→ ∞ and this gives an adverse (or negative) pressure gradient along the majority of the body's surface. The absolute value of the pressure gradient is larger on the Rankine body than on the parabolic body for x R > 1, and this affects the position of the neutral stability point as we shall see later.
We now consider numerical results for three values of the Reynolds number, corresponding to = 0.05, 0.1 and 0.2. The small value of epsilon examines the large Reynolds number asymptotic limit, and if asymptotics are developed for either of these bodies then this value of would allow for an easy comparison. The middle value of is too large for experimental data, but it is comfortably in the range of Reynolds numbers that could be used in a DNS model to verify our results. The largest value of is in the range of values that could be considered by experimentalists and DNS. This value of corresponds to a dimensionless frequency of
which lies in the tail of the neutral stability curve (see Haddad & Corke 1998 ). This value is also at the lower edge of the values used in the DNS study of Haddad & Corke. The top of the neutral stability curve tail has values of . 0.25, and so the values of considered in this paper give a good understanding of the structure behind T-S wave propagation on a body with non-zero nose radius.
Figures 4 and 5 plot the position of the lower branch neutral stability point for both the parabolic body and the Rankine body respectively for the three values of , as the latter is independent of the nose curvature. The small bumps occurring in the solution are due to numerical error, and appear to diminish as is increased because the scale of the figures increases as is increased. Figure 4 shows that the favourable pressure gradient along the surface of the parabolic body gives a lower branch neutral stability point which is further downstream than the corresponding flat-plate value (S = 0). For the larger value of = 0.2 in figure 4(c), the relative position of the neutral stability point moves even further downstream. The adverse pressure gradient on the Rankine body on the other hand gives a neutral stability point positioned nearer to the nose of the body as the nose radius (3A/2) is increased. This is shown in figure 5 . Again, as is increased from 0.05 in figure 5(a) to 0.2 in figure 5(c) , the relative position of the neutral point moves further downstream when compared to the flat-plate value.
A comparison of the deviation away from the flat-plate neutral stability point |x 1 −x F P 1 | for both bodies is given in figure 6 . For the values of considered here, x F P 1 = 3.402, 3.946 and 6.359 for = 0.05, 0.1 and 0.2, respectively. Due to the magnitude of the adverse pressure gradient on the Rankine body being larger than that of the parabolic body at the same streamwise position (see figure 3) , we note that the neutral stability point on the Rankine body is displaced further from the flat-plate value than the parabolic body for the same nose radius. As increases, the difference in displacement from the flat-plate value increases between the two bodies.
Having considered the position of the point of neutral stability, we now consider the wave amplitude at this point as this affects the location of any transition point downstream of the lower branch point. In figures 7 and 8, we plot log plots of the amplitude of the unstable T-S mode |ψ The results for small have unphysically small amplitudes; however, we merely use these small values to study the underlying mathematical structure of the solution, rather than for comparison with DNS or experiments. These small amplitudes suggest that the leading edge receptivity may be dominated by another receptivity mechanism, such as acoustic wave interaction with surface roughness elements, but this requires further analysis. For the parabolic body in figure 7 , we see that the amplitude of the eigenmode at lower branch |C −1 1 ψ I 1 | decreases as S increases for all the values of considered. When we include the effect of the receptivity coefficient C 1 , the overall amplitude of the T-S mode |ψ I 1 | decays even faster. However, Hammerton & Kerschen (1996) found that the Strouhal number S = 0.025 gives a receptivity coefficient |C 1 | that is larger than the flat-plate value. For the smallest value of considered here, = 0.05, the decay rate of the eigenmode is large enough so that the T-S mode amplitude still decreases from the flat-plate value for S = 0.025, but for sufficiently small it is likely that there will be a range of S for which the T-S mode amplitude at lower branch is larger than for the flat-plate case. This remains an area of future research as the numerical study of Haddad & Corke (1998) does not show an increase in T-S mode amplitude above the flat-plate value either, but it is not clear if they were in the correct parameter range to see this behaviour. However, for the reasons discussed earlier, any such increase is unlikely to have any physical significance.
For the values of considered in this study, the amplitude of the T-S mode for the Rankine body has a more interesting structure than for the parabolic body, because there is conflict between the eigenmode amplitude which increases as A increases, and the receptivity coefficient which decreases as A increases. The actual receptivity coefficient |C 1 | for the Rankine body tends to zero much faster than for the parabolic body because of the adverse pressure gradient, and so this gives a much smaller range of nose radii with non-zero receptivity coefficient available to us to study (Nichols 2001) . The resulting T-S mode and eigenmode amplitudes for the Rankine body can be seen in the log plot in figure 8 . The amplitude of the eigenmode appears to have almost an exponential growth in A, but due to the variation of the receptivity coefficient with A, the amplitude of the T-S mode has a double-maximum appearance as a function of A. For the = 0.05 case in figure 8(a), this double maximum is very clear, with maxima around A = 0.015 and A = 0.055, and the second maximum is almost a factor of 10 larger than the first. The case = 0.1 in figure 8(b) has a slightly different appearance, because the rate of increase of the eigenmode amplitude is smaller than the = 0.05 case, while the values of the receptivity coefficients remain unchanged. Hence, in this case the first maximum of the T-S mode amplitude is closer to A = 0, and in fact on the log scale the amplitude appears almost constant at the flat-plate value A = 0 up to A = 0.015. There is still another maximum around A = 0.05, but the relative size of this maximum compared to the first one is much smaller than for the = 0.05 case, and is only a factor of 1.8 times larger. Figure 8(c) shows the same plot again except with = 0.2. For this value of , the T-S mode amplitude is seen to decay away from A = 0, and the second maximum which occurs around A = 0.04 has a lower magnitude than the one at A = 0. Therefore as increases, the growth of the eigenmode with respect to A decreases, and hence for the = 0.05 case, we find the two maxima are larger than the flat-plate value, whereas for = 0.2, the first maximum now corresponds to the flat-plate value, and the second maximum has a value lower than the flat-plate value. Thus, we expect that experimental studies on a Rankine body will not produce a maximum value greater than the flat-plate value for any nose radius, because typical Reynolds numbers in experiments give > 0.2. However, the experiment should still give a second increase in the T-S mode amplitude at a larger nose radii. 
Discussion and conclusions
We have formulated a method which uses the PSE to match the asymptotic eigenmodes at the leading edge, formed from the interaction of the free stream with the boundary layer, through the Orr-Sommerfeld region of the body. This method is valid on bodies with a rounded leading edge, where the steady-slip velocity at the edge of the boundary layer has the form
in the large x R asymptotic limit, where x R is a streamwise variable along the surface of the body. We presented lower branch neutral stability point calculations and amplitudes of the unstable T-S mode at this point for a parabolic body and the Rankine body which both satisfy the above property. For the parabolic body, which has a favourable pressure gradient along its surface, we found that the lower branch point was positioned downstream of the flat-plate value as the nose radius of curvature was increased, and the T-S mode amplitude at this point decreased with increasing nose radius. The Rankine body on the other hand has an adverse pressure gradient over most of the body which produces a neutral stability point positioned closer to the nose of the body when compared to the flat-plate value. The unstable T-S mode amplitude at this point has a double-maximum structure for sufficiently large values of the Reynolds number with both maxima greater than the flat-plate value. However, for smaller Reynolds numbers the T-S mode amplitude decreased from the flat-plate value for increasing nose radius, but still with a second maximum value for larger nose radii. The present work has revealed how the amplitude of the unstable T-S mode at the lower branch neutral stability point is sensitive to leading edge geometry. This sensitivity is important when determining the position of boundary layer transition. In this paper comparisons with the numerical study of Haddad & Corke (1998) were not possible because the only non-zero nose radius considered by Haddad & Corke corresponds to a Strouhal number S = 2.3 × 10 −3 , which gives results almost indistinguishable from the flat-plate case (cf. figure 16(a) from Haddad & Corke 1998 for a parabola with S = 2.3 × 10 −3 with figure 14 from Turner & Hammerton 2006 for a flat plate). A selection of results with larger nose radii using the methods of Haddad & Corke would make an excellent comparison with the parabola results presented in this paper. Although general trends in behaviour have been identified in this paper, the results presented here do not allow a direct comparison with experiments which are typically conducted using modified super ellipses. While the methods of the current paper can be extended to cover analysis of such bodies, a separate receptivity analysis of the leading edge region for the new geometry must be completed in order to describe the transition process.
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